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Geometry of rays-positive manifolds ∗
M.C. Beltrametti, A.L. Knutsen, A. Lanteri, and C. Novelli
Abstract
Let M be a smooth complex projective variety and let L be a line bundle on it.
Rays-positive manifolds, namely pairs (M,L) such that L is numerically effective and
L · R > 0 for all extremal rays R on M, are studied. Several illustrative examples
and some applications are provided. In particular, projective varieties with crepant
singularities and of small degree with respect to the codimension are classified, and
the non-negativity of the sectional genus g(M,L) is proven, describing as well the
pairs with g(M,L) = 0, 1.
Introduction
Let M be a smooth complex projective variety of dimension n ≥ 2, and let L be a line
bundle on M. Assume that KM is not numerically effective (nef). In classical adjunction
theory L is assumed to be ample. Then, by the Kawamata rationality theorem, the
invariant
τ = τ(M,L) := inf{t ∈ R | KM + tL is nef}
is a positive rational number, the nefvalue of (M,L). The classical adjunction theoretic
approach to the classification of polarized manifolds (M,L) is based on the study of the
structure of the morphism associated to the divisor KM + τL (see [7]).
One main obstruction to extending this study to the case when L is merely nef is given
by the possible existence of cycles Z ∈ NE(M) such that KM · Z < 0 and L · Z = 0. In
this case, the invariant τ is not defined. To overcome this problem, for any extremal ray
R = R+[C], with C a minimal rational curve, such that L · C > 0 (such an extremal ray
will be called L-positive), we define the invariant
τL(R) :=
−KM · C
L · C
(see Definition 1.1). This does not require L to be nef, so we can in fact work with any
line bundle L, that is, with any pre-polarized manifold (M,L). Let ϕ : M → Y be the
contraction associated to an L-positive extremal ray R. Since L is ϕ-ample, there exists an
ample line bundle A on Y such that L+ϕ∗A is ample onM. Clearly, τL(R) = τL+ϕ∗A(R),
and the invariant τL(R) is just the nefvalue of the polarized variety (M,L+ ϕ
∗A).
In Section 1 we recall some structure results we need about pairs (M,L) admitting
an L-positive extremal ray R. As noted above, they follow from the corresponding clas-
sification results of extremal rays and Fano–Mori contractions in the case of polarized
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manifolds. An iterative application of these results leads as well to a natural definition of
a first reduction map for any pre-polarized manifold (M,L) in terms of local contractions.
In Section 2 we introduce the notion of rays-positive manifold (M,L). If L is nef,
one can define the invariant t = t(M,L) := sup{t ∈ R | tKM + L is nef}, which is a
non-negative rational number, again by the Kawamata rationality theorem. We define L
to be rays-positive, and (M,L) to be a rays-positive manifold, if t(M,L) > 0 (so that
the number 1
t(M,L) corresponds to the nefvalue of (M,L) in the polarized case). Our
terminology comes from the fact that L is rays-positive if and only if all extremal rays
are L-positive (see Lemma 2.5). The class of rays-positive manifolds (M,L) is somehow
the largest class of pre-polarized manifolds where adjunction still works, in the sense that
KM + kL will be nef (whence semi-ample if L is big) for large k.
Recalling that a line bundle L is said to be numerically positive (nup) if L · C > 0 for
all curves C onM, one has that nup line bundles are rays-positive. (Nup line bundles are
also called strictly nef in the literature, see e.g., [21].) We show that the converse is not
true (see Examples 2.6, 2.11, 3.5). This fact together with several existing results on nup
line bundles (see e.g., [21], [17]) give a further motivation to study rays-positive manifolds.
Another motivation comes from the case of surfaces. It is easily seen that a quasi-
polarized surface (M,L) (that is, L is nef and big) is rays-positive if and only if there are
no (−1)-curves E on M such that L · E = 0. According to standard terminology, such
a pair (M,L) is called a-minimal (or L-minimal). There exists a wide literature on such
surfaces: we refer in particular to [11, §7], which also includes results for L merely nef.
A relevant geometric context where rays-positive pairs occur is the case of a projective
variety X with crepant singularities: indeed if π : X˜ → X is any crepant resolution, then
(X˜, π∗OX(1)) is rays-positive (cf. Definition 2.12 and Lemma 2.13).
In Sections 3, 4 and 5 we provide some further results and applications for rays-positive
manifolds. Let us briefly mention some of them.
Rays-positive quasi-polarized manifolds (M,L) such that KM + (n − 1)L is not nef
and big are classified up to first reduction in Corollary 3.6. In particular, they are all
uniruled of L-degree at most one with the exception of (P3,OP3(2)), cf. Corollary 3.7.
Similarly, rays-positive manifolds (M,L) such that KM+(n− 2)L is not pseudo-effective
are classified in Proposition 4.1. The latter result leads in Theorem 4.2 to a classification
of projective varieties with crepant singularities and of small degree with respect to the
codimension. This generalizes a result obtained by Ionescu [16] in the setting of smooth
varieties. In Example 4.3 we construct such varieties with crepant singularities.
In propositions 5.1 and 5.2, we show that g(M,L) ≥ 0 for a rays-positive manifold
(M,L) of any dimension, regardless the bigness of L (this was conjectured by Fujita [13]
for any quasi-polarized normal variety (M,L), and proved in dimension ≤ 3) and we
describe rays-positive manifolds of sectional genus g(M,L) = 0, 1. The scroll of sectional
genus one described in Example 5.3 also shows that the inequality g(M,L) ≥ h1(OM),
conjectured in the setting of quasi-polarized varieties, is not true dropping the bigness
assumption.
Notation and terminology. We work on the complex field C and use the standard
terminology in algebraic geometry. In particular, we use the additive notation for the
tensor product of line bundles on a projective variety X, and by KX we denote the
canonical bundle if X is smooth.
If X is smooth and L is any line bundle on X, we say that the pair (X,L) is a pre-
polarized manifold. The sectional genus g(X,L) of (X,L) is defined by 2g(X,L) − 2 =
2
(KX + (n− 1)L) · L
n−1. It is well-known that g(X,L) is an integer, cf. e.g., [14, p. 25].
A pre-polarized manifold (X,L) is called a scroll over a smooth m-dimensional variety
Y if there is a surjective morphism π : X → Y such that (F,LF ) ∼= (P
n−m,OPn−m(1)) for
every fiber F . (We allow the case m = 0.) Since L is π-ample, we have that L+π∗A =: A
is ample for some very ample line bundle A on Y (see [18, Proposition 1.45]) and AF ∼=
OPn−m(1) for each fiber F of π. Therefore (X,A) ∼= (P(V), ξV ), where ξV is the tautological
line bundle on X of the ample vector bundle V := π∗A of rank n−m+ 1 on Y (see e.g.,
[7, Proposition 3.2.1]). We then have E := V ⊗ (−A) = π∗L, so that (X,L) ∼= (P(E), ξE ).
Also note that g(X,L) = g(Y ) if Y is a curve, by the Chern–Wu relation.
According to [13], a pre-polarized manifold (X,L) is said to be a quasi-polarized man-
ifold if L is nef and big. We say that X is a quasi-Fano manifold if −KX is nef and big.
Notice that quasi-Fano manifolds are often called almost Fano manifolds, as well as weak
Fano manifolds in the literature.
A quasi-polarized manifold (X,L) is called a quasi-Del Pezzo manifold (resp., a quasi-
Mukai manifold) if −KX = (n−1)L (resp., −KX = (n−2)L with n ≥ 3). If L is ample, the
prefix “quasi” is deleted. (Note that, according to our terminology, Del Pezzo manifolds
with ̺ ≥ 2, where ̺ denotes the Picard number, are also scrolls over surfaces for n ≥ 3,
cf. [14]).
1 L-positive extremal rays
In this section we collect results that we will need in the rest of the paper.
Let M be a smooth projective variety and let L be a line bundle on M. If KM is
not nef, it is well known that there exists (at least) an extremal ray on M. We will
always write an extremal ray R as R = R+[C], where C is a rational curve of minimal
anticanonical degree among curves whose numerical class belongs to R, and we will denote
the length of R by ℓ(R) := −KM · C.
Definition 1.1 Let M be a smooth projective variety and let L be a line bundle on M.
We say that an extremal ray R = R+[C] on M is L-positive if L · C > 0. For such a ray
set (cf. [17])
τL(R) :=
ℓ(R)
L · C
.
Note that an extremal ray R is orthogonal to a given adjoint bundle tKM + L, where
t is a positive constant, if and only if τL(R) = 1/t.
Now let (M,L) be a pre-polarized manifold of dimension n ≥ 2 and ϕ : M → Y the
contraction associated to an L-positive extremal ray R. Since L is ϕ-ample, there exists
an ample line bundle A on Y such that L + ϕ∗A is ample on M (see [18, Proposition
1.45]). Clearly, τL(R) = τL+ϕ∗A(R); moreover, L and L + ϕ
∗A are isomorphic on the
fibers of ϕ. In other words, the invariant τL(R) is just the nefvalue of the polarized variety
(M,L+ϕ∗A). Therefore classification results of extremal rays and Fano–Mori contractions
in the case of polarized manifolds yield structure results about pairs (M,L) admitting an
L-positive extremal ray R (see [1], [2], [3], [4], [22], [23] and [7]).
The following results deal with all the cases with τL(R) > dimM− 2 we need in the
sequel. They are natural extensions of the classical adjunction theoretic knowledge in the
case of ample line bundles [7], obtained using contractions of extremal rays instead of the
nefvalue morphism.
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Proposition 1.2 Let (M,L) be a pre-polarized manifold of dimension n ≥ 2, and let R
be an L-positive extremal ray. Then τL(R) ≤ n− 1 unless either
(1) τL(R) = n+ 1 and (M,L) ∼= (P
n,OPn(1)); or
(2) τL(R) = n and (M,L) ∼= (Q,OQ(1)), where Q is a smooth hyperquadric in P
n+1; or
(3) τL(R) = n and (M,L) is a scroll over a smooth curve Y ; or
(4) n = 2, τL(R) = 3/2 and (M,L) ∼= (P
2,OP2(2)).
Proposition 1.3 Let (M,L) be a pre-polarized manifold of dimension n ≥ 2, and let R be
an L-positive extremal ray. Assume τL(R) = n− 1 and let ϕ :M→ Y be the contraction
associated to R. Then one of the following cases occurs:
(1) (M,L) is a Del Pezzo manifold of Picard number one.
(2) The variety Y is a smooth curve, and (F,LF ) ∼= (Q,OQ(1)), with Q a reduced and
irreducible hyperquadric in Pn, for every fiber F of ϕ, and the general fiber is smooth
(if n = 2, this means that (F,LF ) ∼= (P
1,OP1(2))).
(3) The variety Y is a smooth surface and (M,L) is a scroll over Y .
(4) The morphism ϕ is birational and contracts to a smooth point a divisor E ∼= Pn−1
such that OE(E) = OPn−1(−1), LE = OPn−1(1), and L = ϕ
∗L − E, where L :=
(ϕ∗L)
∗∗, the double dual. Moreover, KM + (n− 1)L = ϕ
∗(KY + (n− 1)L).
Furthermore, let {Ri}i∈I be the family of all non-nef L-positive extremal rays such that
τL(Ri) = n − 1, and let Ei be the locus of Ri. If n ≥ 3, then the exceptional divisors Ei
are pairwise disjoint.
Proposition 1.4 Let (M,L) be a pre-polarized manifold of dimension n ≥ 3, and let R
be an L-positive extremal ray. If n− 2 < τL(R) < n− 1, then either
(1) n = 4, τL(R) = 5/2, and (M,L) ∼= (P
4,OP4(2)); or
(2) n = 3, τL(R) = 3/2, and (M,L) ∼= (Q,OQ(2)), Q a hyperquadric in P
4; or
(3) n = 3, τL(R) = 4/3, and (M,L) ∼= (P
3,OP3(3)); or
(4) n = 3, τL(R) = 3/2, the contraction ϕ : M→ Y associated to R maps onto a smooth
curve Y , and (F,LF ) ∼= (P
2,OP2(2)) for every fiber F of ϕ.
The results above allow us to define a first reduction map for arbitrary pre-polarized
manifolds. The definition naturally extends the classical notion of first reduction in the
adjunction theoretic sense given in the ample case (see e.g., [7, Chapter 7]).
The key observation is that, by propositions 1.2 and 1.3, any L-positive extremal ray
R on an n-dimensional pre-polarized manifold (M,L) with τL(R) ≥ n − 1 is nef, except
precisely for the case in Proposition 1.3(4), where τL(R) = n − 1. In the latter case, the
contraction of the ray is birational onto a smooth manifold. In fact, if dimM ≥ 3, the
extremal rays in question are disjoint, so that there is a simultaneous contraction of all
such rays ϕ : M → M1, which is birational and M1 is smooth. If dimM = 2, we can
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pick a maximal subset of pairwise disjoint such rays (which correspond to (−1)-curves)
and obtain a similar simultaneous contraction. We can then repeat the procedure with the
pair (M1,L1), where L1 := (ϕ∗L)
∗∗ is the double dual. Iterating this process, we obtain
at the end a birational morphism Φ : M→ M , where M is a smooth projective variety,
Φ is a sequence of contractions of Pn−1’s to smooth points, and M does not contain any
non-nef L-positive extremal ray R with τL(R) = n− 1. If dimM≥ 3, then the map Φ is
uniquely determined. In the case dimM = 2, the map Φ depends on a choice of which
(−1)-curves to contract, cf. Example 1.7 below.
Summarizing, we obtain the following result and definition of first reduction.
Theorem-Definition 1.5 (First reduction for pre-polarized manifolds) Let (M,L) be a
pre-polarized manifold of dimension n ≥ 2. Then there exists a birational morphism Φ :
M→M onto a smooth projective varietyM such that Φ∗(KM+(n−1)L) = KM+(n−1)L,
where L = (Φ∗L)
∗∗ is the double dual, and M does not contain any non-nef L-positive
extremal ray R with τL(R) = n − 1. The morphism Φ is a sequence of contractions of
Pn−1’s to smooth points and is uniquely determined, up to isomorphisms, if n ≥ 3.
We say that the pair (M,L) and the map Φ are a first reduction and a first reduction
map of the pre-polarized manifold (M,L), respectively.
Unlike the classical case of polarized manifolds, the first reduction map in the pre-
polarized case is not necessarily just a simultaneous contraction of disjoint extremal rays
R with τL(R) = n − 1. However, if one requires L to be ample or nef, one can easily
describe the exceptional locus of Φ. The proof of this fact is an almost straightforward
study of local contractions, so we omit it.
Proposition 1.6 With the same assumptions and notation as in Theorem-Definition 1.5,
assume L to be nef (resp., ample). Then the exceptional locus of Φ, if non-empty, consists
of disjoint chains of strict transforms of Pn−1’s (resp., disjoint Pn−1’s).
Recall that classically the notion of reduction is given only for polarized manifolds
(M,L) such that KM + (n − 1)L is nef and big [7, p. 171], and for these pairs our
definition coincides with the classical one. However, our definition applies in particular
to all polarized manifolds regardless KM + (n − 1)L is nef and big or not. For polarized
manifolds, Proposition 3.3 below will show that it is in a way just a trivial extension, in
the sense that Φ is an isomorphism except for a few explicitly described cases.
As a consequence of Theorem-Definition 1.5, any L-positive extremal ray R onM with
τL(R) ≥ n − 1 is necessarily nef and (M,L), as well the contraction of R, is as in one
of propositions 1.2 and 1.3(1)–(3). In particular, let us stress the fact that according to
our definition the reduction (M,L) of a pair (M,L) might be covered by lines (that is,
smooth rational curves ℓ ⊂ M such that L · ℓ = 1). For instance, see Example 3.5. This
cannot happen in the classical case [7, Theorem 7.6.6(1)].
We conclude this section with an example which shows that the first reduction map is
not uniquely determined when n = 2.
Example 1.7 Let M be a P1-bundle over a smooth curve of positive genus and let L be
any line bundle satisfying L · F = 2, where F is the algebraic equivalence class of the
fibers. Pick any point x in a fiber F0 and let σ : M → M be the blowing-up at x. Let
E be the exceptional curve and F˜0 the strict transform of F0. Set L := σ
∗L − E. Then
5
one easily sees that both E and F˜0 are (−1)-curves satisfying E · L = F˜0 · L = 1 and they
intersect in one point. In fact, these two curves generate the only two extremal rays on
M. Both extremal rays are as in case (4) of Proposition 1.3. Now we can choose either
to contract E or F˜0, which leads us to two possible first reduction maps Φ.
Choosing Φ to be the contraction of E, we have Φ = σ : M → M and we get back
(M,L), which is as in Proposition 1.3(2).
Choosing Φ : M → M ′ to be the contraction of F˜0 we obtain a different pair
(M ′, (Φ∗L)
∗∗), which, however, is still as in Proposition 1.3(2).
Now consider instead the line bundle L′ := σ∗L onM. The two (−1)-curves E and F˜0
satisfy E · L′ = 0 and F˜0 · L
′ = 2. Therefore only the extremal ray R := R+[F˜0], of length
ℓ(R) = 1, is L′-positive, with invariant τL′(R) =
1
2 < n − 1 = 1. In conclusion, there is
no L′-positive extremal ray R on M with τL′(R) ≥ n− 1 = 1, so that the first reduction
map with respect to (M,L′) is an isomorphism.
2 Rays-positive manifolds
In this section we introduce the notion of rays-positive manifold providing first results and
several examples. LetM be a smooth projective variety and let L be a nef line bundle on
M. Assume that KM is not nef and let t(M,L) := sup{t ∈ R | tKM + L is nef }. Then,
by a version of the Kawamata rationality theorem in the case of a nef line bundle (see
[12, Exercise 6.7.5, p. 166] and [20, 10-3-4]), t(M,L) is a non-negative rational number.
Moreover, there is an extremal ray R in NE(M) such that
(
t(M,L)KM + L
)
·R = 0.
Note that t(M,L) > 0 if L is ample, in which case t(M,L) is the reciprocal of the
nefvalue of (M,L) recalled in the introduction. We now give examples with t(M,L) = 0.
Example 2.1 Consider the Pn−1-bundle over P1, M = PP1(V), where V =
⊕n
i=1OP1(ai)
is normalized as in [7, Lemma 3.2.4], i.e., a1 ≥ a2 ≥ · · · ≥ an = 0. Let p : M → P
1
be the projection and set L := p∗OP1(1). Clearly L is nef but not big, and KM =
−nξ + p∗OP1(a− 2), where ξ is the tautological line bundle and a =
∑n
i=1 ai. Then KM
is not nef and tKM + L = −tn ξ + p
∗OP1
(
t(a − 2) + 1
)
is nef if and only if t ≤ 0 and
t(a− 2) + 1 ≥ 0 [7, Lemma 3.2.4]. Therefore t(M,L) = 0.
Example 2.2 Let σ : M→ M be the blowing-up of a smooth n-fold M at a point, and
let L = σ∗L, where L is an ample line bundle on M . For any curve C on M contained in
the exceptional divisor E we have (L+ tKM) · C ≤ 0 for t ≥ 0. Thus t(M,L) = 0.
More generally, we have the following. Let M be a smooth projective variety, and let
ϕ : M→ V be a proper birational morphism where V is a normal variety with Q-factorial
singularities. Then every irreducible component of the exceptional locus Exc(ϕ) of ϕ has
codimension one in M. Furthermore, there exists an effective Q-Cartier divisor J on M,
whose support is Exc(ϕ), and J · C < 0 for any curve C contracted by ϕ (see e.g., [12,
§1.10, p. 28]). Moreover, if V has terminal singularities, the equality KM = ϕ
∗(KV )+λJ
holds true in Pic(M)⊗Q, for some positive rational coefficient λ. Let now L := ϕ∗H for
some ample line bundle H on V . Then L is nef and, for any curve C contracted by ϕ, one
has (tKM + L) · C = tλ(J · C) < 0 for each positive t ∈ R. This implies t(M,L) = 0.
Definition 2.3 LetM be a smooth projective variety and L a nef line bundle onM. We
say that (M,L) is a rays-positive manifold, and that L is rays-positive, if either KM is nef
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or if KM is not nef and t(M,L) > 0. In the latter case, τL(R) =
1
t(M,L) for any extremal
ray R orthogonal to t(M,L)KM + L.
Remark 2.4 Let ϕ : M → Y be the extremal contraction of the ray R in Definition
2.3. As noted in the beginning of §1, there exists an ample line bundle A on Y such that
L+ϕ∗A is ample and τL(R) = τL+ϕ∗A(R). Hence t(M,L) = t(M,L+ϕ
∗A), the reciprocal
of the nefvalue of the polarized pair (M,L + ϕ∗A) in the classical adjunction theoretic
sense.
By our definition all nef line bundles are rays-positive whenever the canonical bundle
is nef. We have included this case for technical reasons. The relevant framework is clearly
when the canonical bundle is non-nef. The terminology is clarified by the following.
Lemma 2.5 Let M be a smooth projective variety of dimension n ≥ 2 and let L be a nef
line bundle on M. The following conditions are equivalent:
(1) (M,L) is a rays-positive manifold.
(2) All extremal rays on M are L-positive.
(3) L · C > 0 for all curves C such that KM · C < 0.
Moreover, if L is big, the above are further equivalent to
(4) All non-nef extremal rays on M are L-positive.
Proof. The equivalence between (1) and (2) is an immediate consequence of the existence
of an extremal ray orthogonal to t(M,L)KM + L, while the equivalence between (2) and
(3) follows from the Mori cone theorem.
Obviously, (2) implies (4). If L is big, the converse follows since any nef extremal
ray is L-positive. Indeed, write mL = A + D with A ample and D effective (see [18,
Lemma 2.60(2)]), and pick a generator C of the ray that is not contained in D; then
L · C = 1
m
(A · C +D · C) > 0. Q.E.D.
The above lemma implies that a nup line bundle is rays-positive. The converse is not
true, as shown by the following example, as well as in examples 2.11 and 3.5 below. (We
mention [21], [17], [6] and [9] for results on nup line bundles.)
Example 2.6 LetM be a P1-bundle of positive invariant over a smooth curve of positive
genus. Let E be the section with minimal self-intersection E2 = −e, with e > 0, and let f
be a fiber. Take L = a(E+ ef), a > 0. Then L is nef and big but not nup since L ·E = 0.
On the other hand (M,L) is rays-positive according to Lemma 2.5 since the only extremal
ray is R = R+[f ]. Moreover one has (aKM + 2L) ·R = 0, that is, t(M,L) =
a
2 .
Remaining in the case of surfaces, since all non-nef extremal rays on a surface are
generated by (−1)-curves, Lemma 2.5 says that a smooth quasi-polarized surface (M,L)
is rays-positive if and only if there are no (−1)-curves E onM satisfying L·E = 0, that is,
(M,L) is a-minimal, or L-minimal, according to standard terminology in the literature.
We refer to [11, §7] for an extended study of quasi-polarized surfaces (M,L), including
results where L is assumed to be merely nef.
The following two results show how the invariant t and the concept of rays-positivity
behave under first reduction.
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Lemma 2.7 Let M be a smooth projective variety of dimension n ≥ 2 with KM not nef,
and let L be a nef line bundle on M. Let (M,L) be a first reduction of (M,L). Then
t(M,L) ≥ t(M,L) if KM is not nef. Moreover, (M,L) ∼= (M,L) if t(M,L) >
1
n−1 .
In particular, if (M,L) is rays-positive, then so is (M,L).
Proof. If t(M,L) > 1
n−1 , then any extremal ray R onM satisfies τL(R) ≤
1
t(M,L) < n−1,
so that (M,L) ∼= (M,L) by construction of the first reduction map Φ.
If t(M,L) = 0, there is nothing left to prove, so we can assume 0 < t(M,L) ≤ 1
n−1 .
Now t(M,L) ≥ t(M,L) follows since KM +
1
t(M,L)L is nef, which is a consequence of the
facts that Φ∗(KM + (n − 1)L) = KM + (n− 1)L and t(M,L) ≤
1
n−1 .
The last assertion is now clear. Q.E.D.
The following example involves some of the concepts above. It also illustrates the
iterative procedure behind Theorem-Definition 1.5.
Example 2.8 Consider (P2,OP2(2)). Clearly, KP2+OP2(2) is not nef. Let σ1 : Y1 → P
2 be
the blowing-up of P2 at a point x, with exceptional curve e1, and set L1 := σ
∗
1OP2(2)− e1.
Thus (Y1, L1) = (F1, [C0 + 2f ]), where C0 = e1 is the minimal section and f is a fibre
of F1. In particular, L1 is very ample. The surface Y1 has two extremal rays, namely
R′ = R+[e1], which is not nef, and R
′′ = R+[f ], which is nef, and both are L1-positive.
Note that τL1(R
′) = 1 while τL1(R
′′) = 2. We have tKF1 + L1 = (1 − 2t)C0 + (2 − 3t)f ,
which is nef if and only if 1− 2t ≥ 0 and 2− 3t ≥ 1− 2t. Therefore t(Y1, L1) =
1
2 . Hence
the ray orthogonal to t(Y1, L1)KY1 + L1 is R
′′.
Now let σ : M → Y1 be the blowing-up of F1 at a point x1 lying on e1, let e be the
exceptional curve, and set L = σ∗L1 − e, which is nef and big, in fact spanned (see e.g.,
[7, Lemma 1.7.7]). Note that M contains exactly two (−1)-curves, namely e and f˜0, the
proper transform of the fiber f0 of F1 containing x1. In fact, R := R+[e] and R0 := R+[f˜0]
are the only two extremal rays. We have L · e = 1, while L · f˜0 = 0. Hence R is L-positive,
with τL(R) = 1, while R0 is not, so that (M,L) is not rays-positive.
The first reduction of (M,L) is (M,L) = (P2,OP2(2)) with first reduction map Φ =
σ1 ◦ σ, whose exceptional locus is e ∪ e˜1. In conclusion, the first reduction (M,L) is as
in case (4) of Proposition 1.2. By the way note that (M,L) is also the first reduction of
(Y1, L1), which is not defined in the classical case.
Here are some examples of rays-positive manifolds (M,L). The first two of them fit
in case (3) of Proposition 1.2.
Example 2.9 Let Vn be a degree 1 indecomposable vector bundle of rank n over a smooth
curve Y of genus 1. It is well-known that Vn is ample for any n ≥ 1. Hence the tautological
line bundle of Vn is ample on P(Vn).
Now, let E := O⊕sY ⊕ Vn−s, for some positive integer s, M := P(E), and let L be the
tautological bundle of E onM. Then L is nef and Ln = deg(E) = 1. Moreover g(M,L) =
g(Y ) = 1. In particular we get an example of a quasi-polarized manifold as in [13, p. 109].
Moreover, the canonical bundle formula gives KM = −nL + p
∗(KY + V1) = −nL + F ,
where p : M→ Y is the bundle projection and F is a fiber. Therefore, denoting by “≡’”
the numerical equivalence, one has KF ≡ −nLF . Thus L·C > 0 for any rational extremal
curve C ⊂ F , so that (M,L) is rays-positive according to Lemma 2.5.
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Example 2.10 Let C be a non-singular curve of genus g ≥ 2. There exists a stable
vector bundle E of rank 2 and degree zero on C whose tautological line bundle on P(E) is
nup and not big (see [15, Example 10.6]). Let A be an ample line bundle on C and set
M := P(E⊕A). Note that E⊕A is not ample since E has degree zero. Then the tautological
line bundle L on M is not ample, but nup and big [6, 3.13], whence rays-positive.
Example 2.11 LetM be a smooth projective variety whose anticanonical bundle −KM
is nef and not numerically trivial. Clearly t(M,−KM) = 1, hence (M,−KM) is rays-
positive. In particular, ifM is a quasi-Fano manifold of index r and −KM = rL for a nef
and big line bundle L, then t(M,L) = 1
r
, so that (M,L) is rays-positive. Note that if L
is nup then it is ample by the basepoint free theorem (cf. Errata to [12], p. 219). This
shows that L is rays-positive but not nup whenever (M,L) is quasi-Fano but not Fano.
A general construction is as follows. Let (Y,H) be an m-dimensional quasi-Fano
manifold of index r, −KY = rH. Set M := P(E), where E = O
⊕s
Y ⊕ H
⊕r and let
ξ be the tautological line bundle on M. Then the canonical bundle formula yields
KM = −(r + s)ξ. Note that ξ is nef, so being E . If it is also big, then (M, ξ) is a
quasi-Fano manifold of index r + s = dimM + 1 −m. For instance, take m = 3. Then
1 ≤ r ≤ 4 and s + 3 ≤ dimM ≤ s + 6 accordingly. The Chern polynomial of E is
c(E ; t) = (1 + Ht)r mod H4. Recall that H3 > 0. By an iterated application of the
Chern–Wu formula we have ξdimM = ξr+s+2 = c31 − 2c1c2 + c3 > 0, where ci = ci(E),
showing that ξ is big. Therefore, regardless the value of r, M is a quasi-Fano manifold,
of index r + s = dimM− 2.
Examples of quasi-Fano threefolds of this type are discussed in [10, Example 2.10 and
Proposition 3.2].
Further examples of rays-positive manifolds come from projective varieties with mild
singularities. The following definition and result will find an application in §4.
Definition 2.12 Let X be a reduced and irreducible variety. We say that X has crepant
singularities if the normalization X ′ of X is Q-Gorenstein, that is, the canonical Weil
divisor KX′ is Q-Cartier, and X
′ admits a resolution of singularities ρ : X˜ → X ′ such
that K
X˜
= ρ∗KX′ . (Clearly, smooth varieties have crepant singularities.) We say that the
composition morphism π : X˜ → X is a crepant resolution of X.
Lemma 2.13 Let X be a variety with crepant singularities and L an ample line bundle
on X. Let π : X˜ → X be any crepant resolution. Then (X˜, π∗L) is rays-positive.
Proof. If (X˜, π∗L) is not rays-positive, then by Lemma 2.5 there is a curve C such that
K
X˜
·C < 0 and π∗L ·C = 0. Since L is ample, this means that C is contracted by π. Let
π : X˜
ρ
−→ X ′
ν
−→ X be the Remmert–Stein factorization of π, where ν : X ′ → X is the
normalization. Then C is contracted by ρ and, since π : X˜ → X is a crepant resolution,
we have K
X˜
· C = ρ∗KX′ · C = KX′ · ρ(C) = 0, a contradiction. Q.E.D.
3 Structure results for rays-positive manifolds
In this section we get some classification results for rays-positive manifolds (M,L). Note
that Proposition 1.2 already classifies such pairs with t(M,L) < 1
n−1 (equivalently, with
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KM + (n − 1)L non-nef) since in this case there exists an extremal ray R such that
τL(R) > n− 1. In view of Remark 2.4, this is in fact a consequence of what is known for
polarized manifolds.
For higher values of t(M,L) the first reduction enters in the picture. We start with
the following result (cf. the classical case where L is ample).
Lemma 3.1 Let (M,L) be a rays-positive manifold of dimension n ≥ 2 such that KM
is not nef. Let (M,L) be a first reduction of (M,L). Then the following conditions are
equivalent:
(1) KM is not nef and t(M,L) ≤
1
n−1 .
(2) (M,L) is as in one of propositions 1.2 and 1.3(1)–(3).
Moreover, (1) and (2) imply
(3) KM + (n− 1)L is not nef and big.
If, furthermore, L is big, then condition (3) is equivalent to (1) and (2).
Proof. By Lemma 2.7 the pair (M,L) is rays-positive. A direct check shows that (2)
implies (1). The converse follows since case (4) of Proposition 1.3 cannot occur on M
by definition of first reduction. Therefore, (1) and (2) are equivalent and one easily sees
that KM + (n − 1)L is not nef and big in these cases, whence nor is KM + (n − 1)L as
KM + (n− 1)L = Φ
∗(KM + (n− 1)L).
In view of Remark 2.4, the fact that (3) implies (1) if L is big follows from classical
adjunction. Q.E.D.
Now if one is interested in a biregular, and not only birational, classification of varieties,
an interesting question to ask is whether the first reduction map Φ : M → M is an
isomorphism or not in the equivalent conditions (1) and (2) of Lemma 3.1 (recall that
by Lemma 2.7, the map Φ is an isomorphism if t(M,L) > 1
n−1). The next two results,
which will be proved together, deal with this question in the cases where L is, respectively,
rays-positive and ample. The ample case, treated in Proposition 3.3, is included to make
the comparison with the classical case of polarized manifolds.
Proposition 3.2 Let (M,L) be a rays-positive manifold of dimension n ≥ 2 and (M,L)
a first reduction of (M,L) with first reduction map Φ :M→M . Assume that KM is not
nef and t(M,L) ≤ 1
n−1 . If Φ is not an isomorphism, then either
(1) (M,L) = (P2,OP2(2)), (M,L) = (F1, [C0 + 2f ]) and Φ is the contraction of the
(−1)-section C0; or
(2) (M,L) is as in Proposition 1.3(1)–(3).
Proposition 3.3 Let (M,L) be a polarized manifold of dimension n ≥ 2 and (M,L) a
first reduction of (M,L) with first reduction map Φ :M→M . Assume that KM+(n−1)L
is not nef and big. If Φ is not an isomorphism, then one of the following cases occurs:
(1) (M,L) = (P2,OP2(2)), (M,L) = (F1, [C0 + 2f ]) and Φ is the contraction of the
(−1)-section C0.
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(2) n = 2, M is a non-minimal Del Pezzo surface and L = −KM. Equivalently, there
is a birational morphism θ :M→ F1 expressing M as F1 blown up at s points lying
on distinct fibers, 0 ≤ s ≤ 7, and (θ∗L)
∗∗ = −KF1. Here (M,L) = (P
2,OP2(3)) and
Φ equals the composition of θ with the contraction of the section C0.
(3) n = 2, (M,L) is a conic fibration over a smooth curve Y admitting some reducible
fibers and (M,L) is a conic fibration over Y with irreducible fibers. Here Φ is the
contraction of one component of each reducible fiber.
(4) n = 3 and (M,L) is the Del Pezzo threefold of degree 7. Equivalently, M =
P(OP2(2) ⊕ OP2(1)) and L is the tautological line bundle. In this case (M,L) =
(P3,OP3(2)) and Φ is the contraction of the (−1)-plane E ⊂ M representing the
tautological section of OP2 ⊕OP2(−1).
Proofs of Propositions 3.2 and 3.3. We work with the assumptions as in Proposition
3.2 (weaker than those in Proposition 3.3). If Φ is not an isomorphism, it factors as
Φ :M
θ
−→Mx
σx−→M, where σx is the blowing-up at a point x ∈M , and θ is a sequence
of blowing-ups (possibly an isomorphism). We let Ex ∼= P
n−1 be the exceptional divisor
of σx and Lx := σ
∗
xL− Ex.
Pick any extremal ray R = R+[C] on M such that τL(R) =
1
t(M,L) ≥ n− 1. Then R is
nef and the pair (M,L) is described as in propositions 1.2 and 1.3(1)–(3) by Lemma 3.1.
In particular, the curves algebraically equivalent to C cover M (and they are all smooth
rational curves). Thus we can choose one such curve Γ passing through x, and we denote
by Γx ∼= Γ its strict transform on Mx. Therefore
Lx · Γx = (σ
∗
xL− Ex) · Γx = L · Γ− Ex · Γx = L · C − 1 (1)
and
KMx · Γx = (σ
∗
xKM + (n− 1)Ex) · Γx = KM · Γ + (n− 1)Ex · Γx = −ℓ(R) + n− 1. (2)
Now let {Ei} be the (possibly empty) set of irreducible exceptional divisors of θ. Then
KM = θ
∗KMx +
∑
i αiEi and L = θ
∗Lx −
∑
i βiEi, for some positive integers αi, βi. Let
∆ be the strict transform of Γx on M. Then, by (1) and (2), we have
L ·∆ = (θ∗Lx −
∑
i
βiEi) ·∆ = Lx · Γx −
∑
i
βiEi ·∆ = L · C − 1−
∑
i
βiEi ·∆ (3)
and
KM ·∆ = KMx · Γx +
∑
i
αiEi ·∆ = −ℓ(R) + n− 1 +
∑
i
αiEi ·∆. (4)
Since (M,L) and the contraction of R are as in propositions 1.2 or 1.3(1)–(3), one can
directly check that L · C = 1 (whence τL(R) = ℓ(R)), except for the following cases:
(a) L · C = 2, ℓ(R) = 3, (M,L) = (P2,OP2(2)).
(b) L · C = ℓ(R) = 2, (M,L) as in Proposition 1.3(2) with n = 2.
(c) L · C = ℓ(R) = 3, (M,L) = (P2,OP2(3)).
(d) L · C = 2, ℓ(R) = 4, (M,L) = (P3,OP3(2)).
Before dealing with cases (a)–(d), we treat the case when L · C = 1.
Since L is nef, we obtain from (3) that L ·∆ = 0 and Ei ·∆ = 0 for all i. In particular,
L is not ample, so this case does not occur in Proposition 3.3. Inserting into (4), we obtain
KM ·∆ = −ℓ(R) + n − 1 = −τL(R) + n − 1 ≤ 0. Since L is rays-positive with L ·∆ = 0
we must have KM ·∆ ≥ 0 by Lemma 2.5(3). Therefore τL(R) = n− 1, so that (M,L) is
as in Proposition 1.3(1)–(3). This leads to case (2) in Proposition 3.2.
Now we treat the cases (a)–(d) separately. Only case (a) of them is not as in Proposition
1.3(1)–(3). In this case we have (Mx, Lx) = (F1, [C0+2f ]) and σx is the contraction of the
(−1)-section C0. Note that (Mx, Lx) is as in Proposition 1.2(3) with extremal ray therein
R′ = R+[C
′] satisfying Lx · C
′ = 1 and τLx(R
′) = n. Repeating the same argument as
above with (M,L) replaced by (Mx, Lx) shows that, if θ were not an isomorphism, then
τLx(R
′) = n − 1, a contradiction. Thus θ must be an isomorphism, so that we end up in
case (1) of propositions 3.2 and 3.3. This completes the proof of Proposition 3.2.
To finish the proof of Proposition 3.3, we will now assume that L is ample.
In case (b), the pair (M,L) is a conic fibration over a smooth curve Y with irreducible
fibers. Because of the ampleness of L, it thus follows that Φ is a blowing-up of distinct
points on distinct fibers. This yields case (3) of Proposition 3.3.
In case (c) we must have (Mx, Lx) = (F1, [2C0 + 3f ]). In particular, Lx = −KF1 , and,
by the properties of the first reduction map, L = −KM, so that (M,L) is a Del Pezzo
surface. Again the ampleness of L implies that Φ is a blowing-up of s points, lying on
distinct fibers, and s < 8 because 0 < L2 = K2F1 − s = 8 − s. This gives case (2) of
Proposition 3.3.
In case (d), we have (M,L) = (P3,OP3(2)) and (Mx, Lx) is P(OP2(2)⊕OP2(1)) with its
tautological line bundle, and Φ is the contraction of the plane representing the tautological
section of OP2⊕OP2(−1). To show that we are in case (4) of Proposition 3.3, we must only
show that θ is an isomorphism. But (Mx, Lx) is as in Proposition 1.3(3), with Y = P
2,
and with extremal ray therein R′ = R+[C
′] satisfying Lx · C
′ = 1. Therefore, repeating
the same argument as above with (M,L) replaced by (Mx, Lx) shows that if θ were not
an isomorphism, then L would not be ample, a contradiction. (More directly, since there
is there is a line passing through any pair of points in P3, also infinitely near, one easily
sees that blowing-up M at more than one point would make L not ample.) Q.E.D.
Remark 3.4 Note that in case (1) of propositions 3.2 and 3.3, the pair (M,L) is already
as in Proposition 1.2(3); and in case (4) of Proposition 3.3, the pair (M,L) is already as
in Proposition 1.3(3) (with Y = P2).
The next example shows that the result in Proposition 3.2(2) is optimal, in the sense
that all the possibilities of Proposition 1.3(1)–(3) do in fact occur with Φ not an isomor-
phism. It exhibits rays-positive line bundles L which are not nup, and first reductions
(M,L) covered by lines as well.
Example 3.5 Let (M,L) be as in Proposition 1.3(1)–(3) with L ample and spanned. Let
σ : M → M be the blowing-up at a point x ∈ M , and let E ∼= Pn−1 be the exceptional
divisor. Then L := σ∗L − E is nef (see e.g., [7, Lemma 1.7.7]) and L + (n − 1)KM =
σ∗(L + (n − 1)KM ). Thus L + (n − 1)KM is nef since L + (n − 1)KM is nef being
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t(M,L) = 1
n−1 . Therefore t(M,L) ≥
1
n−1 , so that t(M,L) =
1
n−1 by Lemma 2.7. Hence
(M,L) is rays-positive. Clearly, σ :M→M is the first reduction map.
Furthermore, if we are in the cases where the extremal ray R = R+[C] described in
Proposition 1.3(1)–(3) satisfies the condition L·C = 1 (as noted in the proof of Proposition
3.2 this happens except for the cases (b), (c), (d) listed in that proof), then the strict
transform Γ of any curve numerically equivalent to C passing through x satisfies the
conditions KM · Γ = L · Γ = 0. In particular, L is rays-positive but not nup.
As concrete examples of pairs (M,L) as above we may take either a Del Pezzo n-fold
of degree d = Ln, 3 ≤ d ≤ 4 (in this case L is very ample and M is covered by lines,
see [14, Chapter 1, §8]), or (M,L) = (Q×B, p∗1OQ(1) + p
∗
2OB(3b)), where Q is a smooth
hyperquadric in Pn with n ≥ 4, B is a smooth curve of genus g(B) = 1, b is a point on B,
and p1, p2 are the projections on the two factors, or (M,L) = (S×P
n−2, p∗1A+p
∗
2OPn−2(1)),
where S is a smooth surface, p1, p2 are the projections on the two factors, and A is
a very ample line bundle on S, so that L is very ample on M (note that in this case
(M,L) is a scroll over S, in both the classical and the adjunction theoretic sense, since
KM + (n− 1)L = (n− 1)p
∗
1(A).)
Let (M,L) be a polarized manifold of dimension n ≥ 2 such that KM + (n − 1)L
is not nef and big. By Lemma 3.1 and Proposition 3.3 (together with Remark 3.4), the
pair (M,L) is as in propositions 1.2 and 1.3(1)–(3), except for the cases (2) and (3) of
Proposition 3.3. These are well-known biregular classification results in adjunction theory
(see e.g., [7, (7.2.1), (7.2.2), (7.2.4), (7.3.2)(1)–(3)]).
Note that n the case when (M,L) is merely a rays-positive quasi-polarized manifold
the corresponding classification result is only birational as shown by Example 3.5. The
precise statement is the following.
Corollary 3.6 Let (M,L) be a rays-positive quasi-polarized manifold of dimension n ≥ 2.
If KM + (n − 1)L is not nef and big, then either (M,L) is as in Proposition 1.2 or its
first reduction is as in Proposition 1.3(1)–(3).
Proof. Combine Lemma 3.1, Proposition 3.2 and Remark 3.4. Q.E.D.
We also have the following consequence of the results above.
Corollary 3.7 Let (M,L) be a rays-positive quasi-polarized manifold of dimension n ≥ 3.
If KM + (n − 1)L is not nef and big, then (M,L) is uniruled of L-degree at most one
unless (M,L) = (P3,OP3(2)).
Proof. First note that if (M,L) is uniruled of L-degree at most one, then, as a consequence
of the properties of the first reduction map Φ, the same is true for (M,L).
By Lemma 3.1, the pair (M,L) is as in propositions 1.2 and 1.3(1)–(3). As observed
in the proof of Proposition 3.2, for n ≥ 3, the only pair (M,L) not uniruled of L-degree
at most one is (P3,OP3(2)). In this case, if Φ is not an isomorphism, then (M,L) is
uniruled of L-degree at most one. Indeed, take any point x ∈ P3 over which Φ is not an
isomorphism. Then P3 is covered by the family of lines through x. These have degree two
with respect to L and their strict transforms have degree ≤ 1 with respect to L. Q.E.D.
Note that in both corollaries 3.6 and 3.7 the condition that L is big (i.e., (M,L) quasi-
polarized) and KM+ (n− 1)L is not nef and big can be replaced by the weaker condition
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that KM is not nef and t(M,L) ≤
1
n−1 , where (M,L) is the first reduction of (M,L). This
follows from Lemma 3.1.
4 Pseudo-effectivity and varieties of low degree
The aim of this section is to classify projective varieties with crepant singularities (see
Definition 2.12) and of small degree with respect to the codimension.
The following proposition yields a classification up to first reductions of rays-positive
manifolds (M,L) such that KM + (n − 2)L is not pseudo-effective, i.e., not contained in
the closure of the cone spanned by classes of effective divisors.
Proposition 4.1 Let (M,L) be a rays-positive manifold of dimension n ≥ 3. If KM +
(n− 2)L is not pseudo-effective, then either (M,L) is described as in Proposition 1.2, or
its first reduction (M,L) is described as in one of propositions 1.3(1)–(3) and 1.4.
Proof. By [8, Theorem 0.2], the fact thatKM+(n−2)L is not pseudo-effective is equivalent
to the existence of a covering family of curves on M such that (KM + (n − 2)L) · C < 0
for all curves C in the family. In particular KM is not nef.
Consider the first reduction (M,L) of (M,L) with first reduction morphism Φ. Then
L is nef and rays-positive by Lemma 2.7. Recall that L = Φ∗L−J , where J is an effective
Φ-exceptional divisor. The general curve C in the family above is not contained in the
support of J , so that J · C ≥ 0, and C is not contracted by Φ. Let Γ := Φ(C). Then,
since Φ∗(KM + (n− 1)L) = KM + (n− 1)L, we have
(KM + (n− 2)L) · Γ = (KM + (n− 2)L) · C − J · C ≤ (KM + (n− 2)L) · C < 0.
Hence KM is not nef and t(M,L) <
1
n−2 . By Lemma 3.1, either (M,L) is as in one of
propositions 1.2 and 1.3(1)–(3) or 1
n−1 < t(M,L) <
1
n−2 . In the latter case, (M,L) is as
in Proposition 1.4. Finally, if (M,L) is as in Proposition 1.2, then by Proposition 3.2 and
Remark 3.4, the pair (M,L) is as in Proposition 1.2 as well, concluding the proof. Q.E.D.
As an application, we extend the main result in [16], providing a classification of
projective varieties with crepant singularities and small degree. Note that the assumption
d < 2 codimPN (X) + 2 in the theorem below can be rephrased in terms of ∆-genus as
d > 2∆(X,OX (1)).
Theorem 4.2 Let X ⊂ PN be a reduced and irreducible variety of dimension n ≥ 3 and
degree d, and with crepant singularities. Assume d < 2 codimPN (X) + 2. Let π :M→ X
be any crepant resolution and let L := π∗OX(1). Then either (M,L) is described as in
Proposition 1.2, or its first reduction (M,L) is described as in one of propositions 1.3(1)–
(3) and 1.4. Moreover, in the scroll case (3) of Proposition 1.3 the base surface is ruled.
Proof. We have that L is globally generated with dim |L| ≥ dim |OX(1)| = N . We can
pick n − 1 general members H1, . . . ,Hn−1 in |L| such that each Mi := H1 ∩ · · · ∩ Hi,
with i = 1, . . . , n − 1, is smooth and irreducible of dimension n − i. We let M0 = M.
From the standard restriction sequences we get dim |LMi+1 | ≥ dim |LMi | − 1, so that
dim |LMi | ≥ N−i. In particular, on the smooth curve C :=Mn−1 we have, by assumption,
deg(LC)− 2 dim |LC | ≤ d− 2(N − (n− 1)) = d− 2 codimPN (X)− 2 < 0.
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Thus by Clifford’s theorem we must have h1(LC) = 0, so that
χ(LC) = h
0(LC) ≥ N − (n− 1) + 1 = N − n+ 2.
Consider the smooth surface S :=Mn−2. By the Riemann–Roch theorem we get
KS · C = C
2 − 2
(
χ(LS)− χ(OS)
)
= C2 − 2χ(LC) ≤ d− 2(N − n+ 2) < −2.
Therefore (KM + (n − 2)L) · C = KS · C < −2, whence KM + (n − 2)L is not pseudo-
effective by [8, Theorem 0.2]. Then the result follows from Proposition 4.1, (M,L) being
rays-positive by Lemma 2.13. As to the last assertion, note that in case (3) of Proposition
1.3 the scroll projection maps the ruled surface S surjectively onto the base Y . Q.E.D.
Notation as in Theorem 4.2. If we assume X to be smooth, so that π is the identity
map and L is very ample, then by Proposition 3.3 and Remark 3.4 the conclusion would
be that either (M,L) = (X,OX (1)) is as in one of propositions 1.2 and 1.3(1)–(3) or its
first reduction is as in Proposition 1.4. This is just Ionescu’s result. The new occurrences
in the case of crepant singularities are therefore precisely the cases where (M,L) is as in
Proposition 1.3(1)–(3) with the reduction map Φ not the identity. The following example
shows that these cases indeed occur with X singular having crepant singularities.
Example 4.3 Let (M,L) and R = R+[C] be as in Proposition 1.3(1)–(3) with the addi-
tional assumption that L be very ample and L ·C = 1. Let σ :M→M be the blowing-up
at a point x ∈ M , and denote by E ∼= Pn−1 the exceptional divisor. Then L := σ∗L− E
is spanned and big, and, as proved in Example 3.5, rays-positive. Let π : M → PN be
the generically finite morphism defined by |L|, and set X := π(M). Note that X is the
variety obtained by projecting M , embedded by |L|, from the point x.
We claim that X is not smooth and π :M→ X is a crepant resolution of X.
Let us first show that an (irreducible) curve Γ is contracted by π if and only if Γ is the
strict transform under σ of a line on M passing through x.
Indeed, let ℓ be such a strict transform. Then L · ℓ = σ∗L · ℓ − E · ℓ = 1 − 1 = 0,
whence π(ℓ) is a point. As to the converse, note that a curve Γ contracted by π is not
contained in E, since LE ∼= OPn−1(1). Then γ := σ(Γ) is an irreducible curve in M , and
one has 0 = L · Γ = σ∗L · Γ− E · Γ = L · γ −multx(γ). Therefore γ (embedded by |L|) is
an irreducible curve of degree d with a singular point of multiplicity d. Thus d = 1, that
is, γ is a line passing through x, showing the desired assertion.
Since all the curves Γ contracted by π are strict transforms under σ of lines on M
passing through x, they satisfy L · Γ = KM · Γ = 0 and E · Γ = 1. It is then a standard
fact that X is singular (see e.g., [12, Proposition 1.45]).
Let ∆ ⊂ M be the locus covered by the curves Γ. Since E · Γ = 1, any such curve
intersects E in precisely one point. As π|E is an isomorphism, we then infer that
π(∆) = π(∆ ∩ E) ∼= ∆ ∩ E, (5)
and that π|∆′ : ∆
′ → π(∆′ ∩E) is a P1-fibration for every irreducible component ∆′ of ∆.
One has codimM(∆) ≥ 2 by [14, (11.13)].
Consider the Remmert–Stein factorization M
pi1−→ X ′
pi2−→ X of π. We have proved
that ∆ = Exc(π1).
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As shown in Example 3.5, we have t(M,L) = 1
n−1 , so that KM + (n − 1)L is nef.
Therefore m(KM + (n − 1)L) is spanned for m ≫ 0. Let f be the morphism defined by
|m(KM + (n− 1)L) + L| and set Z := f(M). Consider the Remmert–Stein factorization
M
f1
−→ X ′′
f2
−→ Z of f . We may assume that there exists an integer k ≫ 0 such that the
complete linear systems |kL| and |k(m(KM+(n−1)L)+L)| = |kL+km(KM+(n−1)L)|
define the morphisms π1 and f1, respectively. Since m(KM + (n − 1)L) is spanned, we
have a factorization π1 :M
f1
−→ X ′′
j
−→ X ′.
If Γ is a curve contracted by π1, then L · Γ = KM · Γ = 0, so that Γ is also contracted
by f1. It thus follows that j is an isomorphism. Therefore there are Cartier divisors D1
and D2 on X
′ such that L = π∗1(D1) as well as m(KM + (n− 1)L) + L = π
∗
1(D2). Hence
mKM = m(KM + (n− 1)L) + L − (m(n− 1) + 1)L = π
∗
1
(
D2 − (m(n− 1) + 1)D1
)
.
Thus KM = π
∗
1(D) for some Q-Cartier divisor D on X
′.
Now let ωX′ be the canonical sheaf on X
′. It is a reflexive rank 1 sheaf defined by
ι∗ωReg(X′), where ι : Reg(X
′) →֒ X ′ is the inclusion of the smooth points. Denote by KX′
the corresponding Weil divisor (cf. e.g., [18, Proposition 5.75]). On the Zariski open set
M\ Exc(π1) the strict transform π1
−1
∗ (KX′) and KM agree. Hence they agree on M, as
codimM(Exc(π1)) ≥ 2. Thus π1
−1
∗ (KX′) = KM = π
∗
1(D). By pushing down cycles under
π1, we obtain KX′ = D. Therefore KX′ is a Q-divisor on X
′ and KM = π1
∗(KX′). This
proves that π is a crepant resolution.
5 On the sectional genus of rays-positive manifolds
As a final application we prove a special case of a conjecture of Fujita, and we describe
rays-positive manifolds with sectional genus zero or one.
For a nef and big line bundle L on an n-dimensional manifold M, Fujita [13] conjec-
tured that g(M,L) ≥ 0 and proved it for n ≤ 3 by using Mori’s results (see [13, Corollary
4.8]). We prove the conjecture for a rays-positive manifold (M,L).
Let us note first that the mere nefness of L is not enough to grant that g(M,L) ≥ 0.
For instance, let (M,L) = (Pn−1 × P1,O(b, 0)) with b ≥ 2. Clearly, L is nef and not big.
Moreover, the pair (M,L) is not rays-positive: actually, for every curve C lying in the first
factor we have KM ·C < 0 and L·C = 0. The genus formula gives g(M,L) = 1−b
n−1 < 0.
Proposition 5.1 Let (M,L) be a rays-positive manifold of dimension n ≥ 2. Then
g(M,L) ≥ 0, with equality if and only if (M,L) is one of the following: (Pn,OPn(1)),
(Q,OQ(1)), with Q a hyperquadric in P
n+1, (P2,OP2(2)), or a scroll over a smooth rational
curve.
Proof. Consider first the case when KM+(n− 1)L is nef. Since nef line bundles are limit
of ample line bundles, it follows that 2g(M,L)− 2 = (KM+(n− 1)L) · L
n−1 ≥ 0, whence
g(M,L) ≥ 1. Thus we can assume that KM + (n− 1)L is not nef. Then t(M,L) <
1
n−1 ,
so that (M,L) is described as in Proposition 1.2 as mentioned at the beginning of Section
3. A direct check shows that the sectional genus is zero in cases (1), (2) and (4) of that
proposition, while, in case (3), g(M,L) = g(Y ) ≥ 0. Q.E.D.
In dimension n = 3, there is a complete classification of quasi-polarized varieties (M,L)
with sectional genus g(M,L) = 0, 1 (see [13, §4]). Recall also that in [5] a complete
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classification of quasi-polarized a-minimal (rays-positive in our terminology) Gorenstein
surfaces (M,L) with g(M,L) = 2 is worked out. Moreover, in [19], surfaces (M,L) with
L merely nef are classified for g(M,L) = 0, 1.
As to the case of sectional genus g(M,L) = 1 we have the following (cf. [13, (5.4)]).
Proposition 5.2 Let (M,L) be a rays-positive manifold of dimension n ≥ 2. Assume
that g(M,L) = 1. Then either Ln = KM · L
n−1 = 0, or (M,L) is a quasi-Del Pezzo
manifold, or (M,L) is a scroll over a smooth elliptic curve, with L big.
Proof. If either L is not big or KM + (n − 1)L is trivial we find the first two cases.
If KM + (n − 1)L is not nef but L is big, then the same argument as in the proof of
Proposition 5.1 and a direct check lead to the third case.
In the remaining cases L is big and KM+(n− 1)L is nef and non-trivial, so m(KM+
(n−1)L) is spanned and non-trivial for m≫ 0 by the Kawamata–Shokurov basepoint free
theorem. Thus m(KM + (n− 1)L) · L
n−1 > 0, as L is big, whence g(M,L) > 1. Q.E.D.
The following example shows that the first case in the proposition above really occurs.
Moreover, it also shows that the inequality g(M,L) ≥ h1(OM), conjectured in the setting
of quasi-polarized varieties, is not true dropping the bigness assumption.
Example 5.3 Let Y be a smooth abelian surface, M = P(E), where E = OY ⊕OY , and
let L be the tautological line bundle of E on M. Clearly L is nef, since E is trivial, and
L3 = KM · L
2 = 0. The only extremal ray of M is R = R+[f ], where f is a fiber of the
bundle projection. One has KM · f = −2, L · f = 1, so that L is rays-positive.
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